Abstract: The quality of mesh generation is very important for the computational simulation of the double channel pump. According to the special characteristics of the double channel pump, there exist a great amount of poor-quality elements, most of which are so called Sliver elements, generated by the tetrahedral mesh generation algorithms of Advancing Front Technique (AFT) and Delaunay Triangulation. By studying the type, distribution and reason of the badly shaped elements, a method to eliminate these Sliver elements was proposed. Then this method was combined with advanced optimization-based smoothing, Laplacian smoothing and swapping optimization to optimize the tetrahedral mesh. The computer language C++ is applied to develop the algorithms. Computational experiments of a double channel pump shown that the worst elements can be removed and the whole quality can be improved noticeably. After comparing the result of numerical simulation with that of the experiment, it is believed that the tetrahedral mesh optimization algorithm can satisfy the computational simulation of the double channel pump.
Introduction
With the fast development of computer technology, Computational Fluids Dynamics (CFD) has already been used in engineering widely. Mesh generation technology, one of the key CFD techniques, affects the simulation precision of numerical calculation directly. At present, the common methods of fully automatic 3D finite element mesh generation are Advancing Front Technique (AFT), Delaunay triangulation and Quad-tree/Octree, etc. [1, 2, 3, 4] However these algorithms can inevitably generate the badly shaped elements, which will reduce the accuracy of numerical calculation, even disrupt the calculation. Generally speaking there are much more badly shaped elements in 3D tetrahedral mesh than those in 2D elements. Therefore, the 3D tetrahedral mesh optimization becomes another key point after the mesh automatic generation technology.
Different modeling methods of pumps result in different requirements for mesh generation. In order to improve the model accuracy, a great amount of contour lines may be included in the double channel model. The "smash surfaces" was caused by these excessive contour lines, especially by the excessive contour lines which are too close. For the commercial mesh generator Gambit, these smash surfaces need to be merged and other complicated operations before mesh can be generated successfully.
However, this step is no needed for full automatic mesh generation algorithms before the mesh generation. It is easy for these algorithms to generate the mesh whatever the pump models were. However, many badly-shaped elements can be generated because of the limitations of the algorithms and the contour lines. Therefore it is necessary to optimize the mesh in the pump model after the mesh generation.
The Type of Badly Shaped Elements
The badly shaped elements of tetrahedral mesh can be classified the following three types [5] :
Type I: one edge is too short as compared with the others.
Type II: one vertex is close to the centroid of the two or three others. Meanwhile, the type elements can be classified into three situations according to the different positions of the peak point projection: the projection in or out of the triangle, the project point at the edge of the triangle (Fig.  1) . Also, the right hand rule should be satisfied for the three types of tetrahedral element.
The Numerical Estimate Criteria of Badly Shaped Elements
There are four triangles for the three badly shaped elements. Make the area of triangle 123 be the maximum area, centroid 0(X 0 ,Y 0 ) of the triangle 123 can be got when point 4 project to triangle 123. The coordinate of 0 are as following:
The area of triangle 123 is S 123 = S max = max(S 123 , S 023 , S 012 , S 013 ). The distance between point 0 and 4 is:
Make A equals to 1.0 × 10 −5 , nearly equals to zero. Then the numerical estimation criteria of the badly shaped elements are as following: If S 123 = S 012 + S 023 + S 013 , the type of the badly shaped elements may be type I or type II; Meanwhile, if D < A, the badly shaped elements must be type II Otherwise, the badly shaped elements must be type I If S 123 S 012 + S 023 + S 013 and the quality of the elements Q < A, the badly shaped elements must be type III. As shown in Fig. 2 , although the model of this double channel pump was simplified to reduce the contour lines. There are still badly shaped elements in the double channel pump because of the high distortion and the regions containing contour lines. Owing to the decrease of contour lines, the badly shaped elements are mostly generated by the mesh generation algorithms and the high distortion of the model. The types of badly shaped elements are type I and type III. The most badly shaped element is generated in the volute whose quality η [6, 7, 8 ] is near to zero. All of those badly shaped elements generated in the double channel pump should be eliminated.
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The Mesh Optimization Algorithms
The "Smart" Laplacian Smoothing
The most common smoothing technique is Laplacian smoothing. According to the mesh quality measurement, "Smart" Laplacian smoothing technique relocates each of the mesh node to the geometric center of adjacent grid points only if the quality of the local mesh could be improved. This technique generally quite suits for meshes in convex regions. However, the single Laplacian smoothing could result in inverted elements near concavities in the model, it is always used combining other mesh optimization algorithms [9, 10, 11] .
The Optimization-based Smoothing
The Optimization-based smoothing [12, 13] that uses function and gradient evaluations find the minimum (or maximum) value of the composite function (8) . [14, 15, 16, 17] . However, no optimized objective function was proposed.
To obtain an optimized objective function, an error function was proposed. For a tetrahedral element T, the quality of T is as below [5] .
where h is the longest edge, r is the in-radius and is the scaling factor to make the quality of an equilateral element is 1. Thus, the quality varies in the interval [0, 1], from the worst quality (close to 0) to the best quality equals to 1.
The quality of an edge AB, is defined as follow [5] :
where l is the length of AB. The quality varies in the interval [0, 1] as well.
According to the in-radius formula:
where S 1 , S 2 , S 3 , S 4 are the areas of the four surfaces of the element respectively, V is the volume.
The error function of one element can be derived:
Thus, when the element is an equilateral element, the value of the first term is 1 and the second term is 0 to make sure the error of an equilateral element is 1. As one element degenerates, the function tends to infinite. The total error function of the mesh is the sum of all elements errors.
Theoretically, the less value of the error function the better quality of the mesh. So, the variable metric method is adopted to solve the minimum of the error function that can be optimized the quality of the tetrahedral mesh. 
The Elimination Method of Sliver Element
As analyzed above, the most type of badly shaped elements in the double channel pump is type III (sliver element). The sliver element is mostly generated by Delaunay triangulation algorithm. Those sliver elements can cause inaccurate result for the numerical calculation. Because of its special shape, it is hard to be eliminated by the normal mesh optimization algorithms, such as swapping and smoothing. Therefore the eliminate methods for different sliver elements are proposed.
There are two types of sliver element proposed by Canvendish [18] . The first type is the two conjoined tetrahedrons that share one vertex.
As shown in Fig. 3 , the tetrahedral element ABCD is sliver element connected with the element of ABCE, ACDE, ADBF and BDCG. The elements of ABCE and ACDE share one vertex E. It just needs to delete the ABCD from the map of elements to eliminate this sliver element. By transforming the elements of ABCE and ACDE into ABDE and BCDE the silver elements can be eliminated relatively easily.
The second type is opposite to the first type that the two conjoined tetrahedrons do not share one vertex.
As shown in Fig. 4 that the tetrahedral element ABCD is sliver element connected with the elements of ABCF, ACDE, ADBG and BDCH. None of any two of the tetrahedral elements shares one vertex. In this type of sliver elements, the sliver element cannot be removed by swapping and smoothing method. The elimination for this sliver element was proposed using point insertion and collapsing. Firstly, the points K and J are inserted into the maximum edge AC. The edge AC can be divided into edge AK and JC. Then the point collapsing was used to superpose point K and J with B and D. The point K and J cannot be superposed the points which belong to. This means that point K and J cannot overlap point A and C. In the end, the tetrahedral elements ABCF and ACDE need to be deleted from the map. Then the original tetrahedral elements map can be transformed into ABDE, BCDF, ADBG and BDCH. As a result the sliver elements can be removed as well.
In addition to these two types of silver element, if one edge of the sliver element belongs to the boundary, it is also cannot be removed by swapping. However, the silver element can also be removed by the second elimination method. 
Computational Experiments
The application program is developed by C++. The operation system is Windows XP. The CPU is 2.0Hz and the memory is 1.0G. The tetrahedral mesh is generated by the open source code Gmsh [19] Fig. 6 indicates that before optimization, there are quantities of badly shaped elements. While after optimization, the badly shaped elements nearly all removed.
As shown in Fig. 7 that, there are a great amount of sliver elements whose qualities are less than 0.01. Then after optimization, the elements whose quality are less than 0.01 are all removed and the whole mesh qualities are better than the original mesh. The qualities of most badly shaped elements are around 3.3810 −5 . After being optimized most of them are increased around to 0.05.
Conclusion
The 3D tetrahedral mesh generation algorithms and the contour lines of the double channel pumps may produce many badly shaped elements in the model of double channel pump. These badly shaped elements can cause the decrease of the numerical calculation accuracy or even stop the calculation.
The types of badly shaped elements generated in the double channel pump are type and type . The advanced optimization-based smoothing was proposed using the error function. The type elements are sliver elements. Different elimination methods of sliver elements were proposed as well.
The mesh optimization for double channel pump combining "Smart" Laplacian smoothing, advanced optimization-based smoothing with sliver elements elimination methods is used. Compared with the qualities before and after optimization it can be concluded that the mesh optimization algorithms above can eliminate the badly shaped elements in the double channel pump efficiency. The advanced optimization-based smoothing and sliver elements elimination methods are useful for the optimization of tetrahedral elements in the double channel pump.
